Introduction {#Sec1}
============

An optimal algorithm for matrix multiplication remains elusive despite substantial effort. We focus on the square variant of the matrix multiplication problem, i.e., given two *n*-by-*n* matrices *A* and *B* over a field $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {F}$$\end{document}$, the goal is to compute the matrix product $\documentclass[12pt]{minimal}
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                \begin{document}$$C = A \times B$$\end{document}$. The outstanding open question is: How many field operations are required to compute *C*? The long thought-optimal naïve algorithm based on the definition of matrix product is $\documentclass[12pt]{minimal}
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                \begin{document}$$O(n^3)$$\end{document}$ time. The groundbreaking work of Strassen showed that it can be done in time $\documentclass[12pt]{minimal}
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                \begin{document}$$O(n^{2.808})$$\end{document}$ \[[@CR24]\] using a divide-and-conquer approach. A long sequence of work concluding with Coppersmith and Winograd's algorithm (CW) reduced the running time to $\documentclass[12pt]{minimal}
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                \begin{document}$$O(n^{2.376})$$\end{document}$ \[[@CR10], [@CR21], [@CR22], [@CR25]\]. Recent computer-aided refinements of CW by others reduced the exponent to $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega \le 2.3728639$$\end{document}$ \[[@CR13], [@CR18], [@CR26]\].

**Approach.** Cohn and Umans \[[@CR9]\] introduced a framework for developing faster algorithms for matrix multiplication by reducing this to a search for groups with subsets that satisfy an algebraic property called the *triple-product property* that allows matrix multiplication to be embedded in the group algebra. Their approach takes inspiration from the $\documentclass[12pt]{minimal}
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                \begin{document}$$O(n \log n)$$\end{document}$ algorithm for multiplying degree-*n* univariate polynomials by embedding in the group algebra of the fast Fourier transform, c.f., e.g., \[[@CR11], Chapter 30\]. Subsequent work \[[@CR8]\] elaborated on this idea and developed the notion of combinatorial objects called *strong uniquely solvable puzzles* (strong USPs). These objects imply a group algebra embedding for matrix multiplication, and hence give a matrix multiplication algorithm as well.Fig. 1.The leftmost diagram is a width-4 size-5 puzzle *P*. The middle three diagrams are the three sets of subrows of *P*. The rightmost diagram is the puzzle $\documentclass[12pt]{minimal}
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                \begin{document}$$P'$$\end{document}$ resulting from reordering the subrows of *P* as indicated by the arrows and then recombining them. Since *P* can be rearranged as $\documentclass[12pt]{minimal}
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                \begin{document}$$P' \ne P$$\end{document}$ without overlap, *P* is not uniquely solvable.

A *width*-*k* puzzle *P* is a subset of $\documentclass[12pt]{minimal}
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                \begin{document}$$\{0,1,2\}^k$$\end{document}$, and the cardinality of *P* is the puzzle's *size*. Each element of *P* is called a *row* of *P*, and each row consists of three *subrows* that are elements of $\documentclass[12pt]{minimal}
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                \begin{document}$$\{0,*\}^k$$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$$\{2,*\}^k$$\end{document}$ respectively. Informally, a puzzle *P* is a *uniquely solvable puzzle* (USP) if there is no way to permute the subrows of *P* to form a distinct puzzle $\documentclass[12pt]{minimal}
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                \begin{document}$$P'$$\end{document}$ without cells with numbers overlapping. Figure [1](#Fig1){ref-type="fig"} demonstrates a puzzle that is not a USP. A uniquely solvable puzzle is *strong* if a tighter condition for non-overlapping holds (see Definition [2](#FPar2){ref-type="sec"}). For a fixed width *k*, the larger the size of a strong USP, the faster matrix multiplication algorithm it gives \[[@CR8]\]. In fact Cohn et al. show that there exist an infinite family of strong USPs that achieves $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega < 2.48$$\end{document}$.

We follow Cohn et al.'s program by: (i) developing **verification** algorithms to determine whether a puzzle is a strong USP, (ii) developing **search** algorithms to find large strong USPs, and (iii) implementing and running practical **implementations** of these algorithms. The most successful of the verification algorithms function by reducing the problem through 3D matching to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {SAT}$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {IP}$$\end{document}$ which are then solved with existing tools. The algorithms we develop are not efficient---they run in worst-case exponential time in the natural parameters. However, the goal is to find a sufficiently large strong USP that would provide a faster matrix multiplication algorithm, and the resulting algorithm's running time is independent of the running time of our algorithms. The inefficiency of our algorithms limit the search space that we can feasibly examine.

**Results.** Our experimental results give new bounds on the size of the largest strong USP for small-width puzzles. For small-constant width, $\documentclass[12pt]{minimal}
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                \begin{document}$$k \le 12$$\end{document}$, we beat the largest sizes of \[[@CR8], Proposition 3.8\]. Our lower bounds on maximum size are witnessed by strong USPs we found via search. For $\documentclass[12pt]{minimal}
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                \begin{document}$$k \le 5$$\end{document}$ we give tight upper bounds determined by exhaustively searching all puzzles up to isomorphism. Although our current experimental results do not beat \[[@CR8]\] for unbounded *k*, they give evidence that there may exist families of strong USPs that give matrix multiplication algorithms that are more efficient than those currently known.

**Related Work.** There are a number of negative results known. Naïvely, the dimensions of the output matrix *C* implies that the problem requires at least $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega (n^2)$$\end{document}$ time. Slightly better lower bounds are known in general and also for specialized models of computation, c.f., e.g., \[[@CR16], [@CR23]\]. There are also lower bounds known for a variety of algorithmic approaches to matrix multiplication. Ambainis et al. showed that the laser method cannot alone achieve an algorithm with $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega \le 2.3078$$\end{document}$ \[[@CR4]\]. A recent breakthrough on arithmetic progressions in cap sets \[[@CR12]\] combined with a conditional result on the Erdös-Szemeredi sunflower conjecture \[[@CR3]\] imply that Cohn et al.'s strong USP approach cannot achieve $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega = 2 + \epsilon $$\end{document}$ for some $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon > 0$$\end{document}$ \[[@CR7]\]. Subsequent work has generalized this barrier \[[@CR1], [@CR2]\] to a larger class of algorithmic techniques. Despite this, we are unaware of a concrete lower bound on $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$ implied by these negative results. There remains a substantial gap in our understanding between what has been achieved by the positive refinements of LeGall, Williams, and Stothers, and the impossibility of showing $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega = 2$$\end{document}$ using the strong USP approach.

**Organization.** Section [2](#Sec2){ref-type="sec"} begins with the formal definition of a strong USP. Sections [3](#Sec3){ref-type="sec"} and [4](#Sec10){ref-type="sec"}, respectively, discuss our algorithms and heuristics for verifying that and searching for a puzzle that is a strong USP. Section [5](#Sec11){ref-type="sec"} discusses our experimental results.

Preliminaries {#Sec2}
=============

For an integer *k*, we use $\documentclass[12pt]{minimal}
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                \begin{document}$$[k]$$\end{document}$ to denote the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{0,1,2,\ldots , k-1\}$$\end{document}$. For a set *Q*, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Sym}_{Q}$$\end{document}$ denotes the symmetric group on the elements of *Q*, i.e., the group of permutations acting on *Q*. Cohn et al. introduced the idea of a *puzzle* \[[@CR8]\].

Definition 1 {#FPar1}
------------

**(Puzzle).** For $\documentclass[12pt]{minimal}
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                \begin{document}$$s, k \in \mathcal {N}$$\end{document}$, an (*s*, *k*)-*puzzle* is a subset $\documentclass[12pt]{minimal}
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                \begin{document}$$|P| = s$$\end{document}$. We call *s* the *size* of *P*, and *k* the *width* of *P*.

We say that an (*s*, *k*)-puzzle has *s* rows and *k* columns. The columns of a puzzle are inherently ordered and indexed by \[*k*\]. The rows of a puzzle have no inherent ordering, however, it is often convenient to assume that they are ordered and indexed by the set of natural numbers \[*s*\].

Cohn et al. establish a particular combinatorial property of puzzles that allows one to derive group algebras that matrix multiplication can be efficiently embedded into. Such puzzles are called *strong uniquely solvable puzzles*.

Definition 2 {#FPar2}
------------

**(Strong USP).** An (*s*, *k*)-puzzle *P* is *strong uniquely solvable* if for all $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi _0 = \pi _1 = \pi _2$$\end{document}$, or (ii) there exists $\documentclass[12pt]{minimal}
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                \begin{document}$$i \in [k]$$\end{document}$ such that exactly two of the following hold: $\documentclass[12pt]{minimal}
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Note that strong uniquely solvability is invariant to the (re)ordering of the rows or columns of a puzzle. We use this fact implicitly.

Cohn et al. show the following connection between the existence of strong USPs and upper bounds on the exponent of matrix multiplication $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$.

Lemma 1 {#FPar3}
-------

**(**\[[@CR8], **Corollary 3.6**\]**).** Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon > 0$$\end{document}$, if there is a strong uniquely solvable (*s*, *k*)-puzzle, there is an algorithm for multiplying *n*-by-*n* matrices in time $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega \le \min _{m \ge 3, m \in \mathcal {N}} \frac{3 \log m}{\log (m-1)} - \frac{3 \log s!}{sk \log (m-1)}.$$\end{document}$$

This result motivates the search for large strong USPs that would result in faster algorithms for matrix multiplication. In the same article, the authors also demonstrate the existence of an infinite family of strong uniquely solvable puzzles, for width *k* divisible by three, that achieves a non-trivial bound on $\documentclass[12pt]{minimal}
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Lemma 2 {#FPar4}
-------

**(**\[[@CR8], **Proposition 3.8**\]**).** There is an infinite family of strong uniquely solvable puzzles that achieves $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega < 2.48$$\end{document}$.

Verifying Strong USPs {#Sec3}
=====================

The core focus of this article is the problem of verifying strong USPs, i.e., given an (*s*, *k*)-puzzle *P*, output YES if *P* is a strong USP, and NO otherwise. In this section we discuss the design of algorithms to solve this computational problem as a function of the natural parameters *s* and *k*. Along the way we also discuss some aspects of our practical implementation that informed or constrained our designs. All the exact algorithms we develop in this section have exponential running time. However, asymptotic worst-case running time is not the metric we are truly interested in. Rather we are interested in the practical performance of our algorithms and their capability for locating new large strong USPs. The algorithm that we ultimately develop is a hybrid of a number of simpler algorithms and heuristics.

Brute Force {#Sec4}
-----------

The obvious algorithm for verification comes directly from the definition of a strong USP. Informally, we consider all ways of permuting the ones and twos pieces relative to the zeroes pieces and check whether the non-overlapping condition of Definition [2](#FPar2){ref-type="sec"} is met. A formal description of the algorithm is found in Algorithm 1.

The ones in Line 4 of Algorithm 1 denote the identity in $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta _{a,b}$$\end{document}$ is the Kronecker delta function which is one if $\documentclass[12pt]{minimal}
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                \begin{document}$$a = b$$\end{document}$ and zero otherwise. Observe that Algorithm 1 does not refer to the $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi _0$$\end{document}$ of Definition [2](#FPar2){ref-type="sec"}. This is because the strong USP property is invariant to permutations of the rows and so $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi _0 = 1$$\end{document}$ to simplify the algorithm. Seeing that $\documentclass[12pt]{minimal}
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                \begin{document}$$|\mathrm {Sym}_{P}| = s!$$\end{document}$, we conclude that the algorithm runs in time $\documentclass[12pt]{minimal}
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                \begin{document}$$O((s!)^2 \cdot s \cdot k \cdot \mathrm {poly}(s))$$\end{document}$ where the last factor accounts for the operations on permutations of *s* elements. The dominant term in the running time is the contribution from iterating over pairs of permutations. Finally, notice that if *P* is a strong USP, then the algorithm runs in time $\documentclass[12pt]{minimal}
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                \begin{document}$$\varTheta ((s!)^2 \cdot s \cdot k \cdot \mathrm {poly}(s))$$\end{document}$, and that if *P* is not a strong USP the algorithm terminates early. The algorithm's poor performance made it unusable in our implementation, however, its simplicity and direct connection to the definition made its implementation a valuable sanity check against later more elaborate algorithms (and it served as effective onboarding to the undergraduate students collaborating on this project).

Although Algorithm 1 performs poorly, examining the structure of a seemingly trivial optimization leads to substantially more effective algorithms. Consider the following function on triples of rows $\documentclass[12pt]{minimal}
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                \begin{document}$$f(a,b,c) = \vee _{i \in [k]} (\delta _{a_i,0} \,+\, \delta _{b_i,1} \,+\, \delta _{c_i,2} = 2).$$\end{document}$ We can replace the innermost loop in Lines 7 & 8 of Algorithm 1 with the statement $\documentclass[12pt]{minimal}
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                \begin{document}$$found = found \vee f(r, \pi _1(r), \pi _2(r))$$\end{document}$. Observe that *f* neither depends on *P*, *r*, nor the permutations, and that Algorithm 1 no longer depends directly on *k*. To slightly speed up Algorithm 1 we can precompute and cache *f* before the algorithm starts and then look up values as the algorithm runs. We precompute *f* specialized to the rows in the puzzle *P*, and call it $\documentclass[12pt]{minimal}
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Strong USP Verification to 3D Matching {#Sec5}
--------------------------------------

It turns out to be more useful to work with $\documentclass[12pt]{minimal}
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                \begin{document}$$f_P$$\end{document}$ indicates the edges that are not present in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_P$$\end{document}$.

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H = \langle P \sqcup P \sqcup P, E \subseteq P^3\rangle $$\end{document}$ be a tripartite 3-hypergraph. We say *H* has a *3D matching* ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {3DM}$$\end{document}$) iff there exists a subset $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M \subseteq E$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|M| = |P|$$\end{document}$ and for all distinct edges $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e_1, e_2 \in M$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e_2$$\end{document}$ are *vertex disjoint*, i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e_1 \cap e_2 = \emptyset $$\end{document}$. Determining whether a hypergraph has a 3D matching is a well-known $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {NP}$$\end{document}$-complete problem (c.f., e.g., \[[@CR14]\]). We say that a 3D matching is *non-trivial* if it is not the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{(r,r,r) \;|\; r \in P\}$$\end{document}$. Figure [2](#Fig2){ref-type="fig"} demonstrates a 3-hypergraph with a non-trivial 3D matching.

The existence of non-trivial 3D matchings in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_P$$\end{document}$ is directly tied to whether *P* is a strong USP.Fig. 2.An example hypergraph *G* with edges $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E = \{(r_1, r_1, r_2), (r_1, r_3, r_3), (r_2, r_2, r_1), (r_2, r_3, r_1), (r_3, r_2, r_3)\}$$\end{document}$. The highlighted edges are a non-trivial 3D matching $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M=\{(r_1, r_1, r_2), (r_2, r_3, r_1),(r_3, r_2, r_3)\}$$\end{document}$ of *G*.

### Lemma 3 {#FPar5}

A puzzle *P* is a strong USP iff $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_P$$\end{document}$ has no non-trivial 3D matching.

### Proof {#FPar6}

We first argue the reverse. Suppose that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_p$$\end{document}$ has a non-trivial 3D matching *M*. We show that *P* is not a strong USP by using *M* to construct $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _0, \pi _1, \pi _2 \in \mathrm {Sym}_{P}$$\end{document}$ that witness this. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _0$$\end{document}$ be the identity permutation. For each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \in P$$\end{document}$, define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _1(r) = q$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(r,q,*) \in M$$\end{document}$. Note that *q* is well defined and unique because *M* is 3D matching and so has vertex disjoint edges. Similarly define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _2(r) = q$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(r,*,q) \in M$$\end{document}$. Observe that by construction$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ M = \{(\pi _0(r),\pi _1(r),\pi _2(r)) \;|\; r \in P\}. $$\end{document}$$Since *M* is a matching of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_P$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M \subseteq \bar{f_P}$$\end{document}$. Because *M* is a non-trivial matching at least one edge in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(a,b,c) \in M$$\end{document}$ has either $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \ne b$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \ne c$$\end{document}$, or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b \ne c$$\end{document}$. This implies, respectively, that as constructed $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _0 \ne \pi _1$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _0 \ne \pi _2$$\end{document}$, or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _1 \ne \pi _2$$\end{document}$. In each case we have determined that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _0$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _1$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _2$$\end{document}$ are not all identical. Thus we determined permutations such that for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \in P$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(\pi _0(r), \pi _1(r), \pi _2(r)) = 0$$\end{document}$. This violates Condition (ii) of Definition [2](#FPar2){ref-type="sec"}, hence *P* is not a strong USP.

The forward direction is symmetric. Suppose that *P* is not a strong USP. We show that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_P$$\end{document}$ has a 3D matching. For *P* not to be a strong USP there must exist $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _0, \pi _1, \pi _2 \in \mathrm {Sym}_{P}$$\end{document}$ not all identical such that Condition (ii) of Definition [2](#FPar2){ref-type="sec"} fails. Define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e(r) = (\pi _0(r),\pi _1(r),\pi _2(r))$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M = \{e(r) \;|\; r \in P\}$$\end{document}$. Since Condition (ii) fails, we have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_P(e(r)) = false$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \in P$$\end{document}$. This means that for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \in P$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e(r) \in \bar{f_P}$$\end{document}$ and hence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M \subseteq \bar{f_P}$$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _0$$\end{document}$ is a permutation, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|M| = |P|$$\end{document}$. Observe that *M* is non-trivial because not all the permutations are identical and there must be some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \in P$$\end{document}$ with *e*(*r*) having non-identical coordinates. Thus *M* is a non-trivial 3D matching.   $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Note that although 3D matching is an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {NP}$$\end{document}$-complete problem, Lemma [3](#FPar5){ref-type="sec"} does not immediately imply that verification of strong USPs is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {coNP}$$\end{document}$-complete because $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_P$$\end{document}$ is not an arbitrary hypergraph. As a consequence of Definition [2](#FPar2){ref-type="sec"}, verification is in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {coNP}$$\end{document}$. It remains open whether verification is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {coNP}$$\end{document}$-complete. Lemma [3](#FPar5){ref-type="sec"} implies that to verify *P* is a strong USP it suffices to determine whether $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_P$$\end{document}$ has a 3D matching. In the subsequent sections we examine algorithms for the later problem. We can, in retrospect, view Algorithm 1 as an algorithm for solving 3D matching.

The realization that verification of strong USPs is a specialization of 3D matching leads to a dynamic programming algorithm for verification that runs in linear-exponential time $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O(2^{2s} \mathrm {poly}(s) + \mathrm {poly}(s,k))$$\end{document}$. Applying more advanced techniques like those of Björklund et al. can achieve a better asymptotic time of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O(2^s\mathrm {poly}(s) + \mathrm {poly}(s,k))$$\end{document}$ \[[@CR6]\]. For brevity, we defer the details of our algorithm to the long version of this article.

3D Matching to Satisfiability {#Sec6}
-----------------------------
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To solve the reduced satisfiability instance we used the open-source solver MapleCOMPSPS from the 2016 International SAT Competition \[[@CR5]\]. This solver is conflict driven and uses a learning rate branching heuristic to decide which variables are likely to lead to conflict and has had demonstrable success in practice \[[@CR19]\]. We chose MapleCOMPSPS because it was state of the art at the time our project started. It is likely that more recently-developed solvers would achieve similar or better performance on our task.

3D Matching to Integer Programming {#Sec7}
----------------------------------

In parallel to the previous subsection, we use the connection between verification of strong USPs and 3D matching to reduce the former to integer programming, another well-known $\documentclass[12pt]{minimal}
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To check whether *P* is a strong USP we determine whether $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s^3$$\end{document}$ variables in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q_P$$\end{document}$, and that the total size of the constraints is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s^3 \cdot \varTheta (1) + 3s \cdot \varTheta (s^2) + 1 \cdot \varTheta (s^3) = \varTheta (s^3)$$\end{document}$, similar to size of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPsi _P$$\end{document}$ in the SAT reduction.

Heuristics {#Sec8}
----------

Although the exact algorithms presented in the previous sections make substantial improvements over the brute force approach, the resulting performance remains impractical. To resolve this, we also develop several fast verification heuristics that may produce the non-definitive answer MAYBE in place of YES or NO. Then, to verify a puzzle *P* we run this battery of fast heuristics and return early if any of the heuristics produce a definitive YES or NO. When all the heuristics result in MAYBE, we then run one of the slower exact algorithms that were previously discussed. The heuristics have different forms, but all rely on the structural properties of a strong USP. Here we discuss the two most effective heuristics, downward closure and greedy, and defer a deeper discussion of these and several less effective heuristics, including projection to 2D matching, to the full version of this article.

**Downward Closed.** The simplest heuristics we consider is based on the fact that strong USPs are downward closed.

### Lemma 4 {#FPar7}
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### Proof {#FPar8}
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This leads to a polynomial-time heuristic that can determine that a puzzle is not a strong USP. Informally, the algorithm takes an (*s*, *k*)-puzzle *P* and $\documentclass[12pt]{minimal}
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**Greedy.** This heuristic attempts to greedily solve the 3D matching instance $\documentclass[12pt]{minimal}
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Hybrid Algorithm {#Sec9}
----------------

Our final verification algorithm (Algorithm 2) is a hybrid of several exact algorithms and heuristics. The size thresholds for which algorithm and heuristic to apply were determined experimentally for small *k* and were focused on the values were our strong USP search algorithms were tractable $\documentclass[12pt]{minimal}
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                \begin{document}$$k \le 8$$\end{document}$). We decided to run both the reduction to SAT and IP in parallel because it was not clear which algorithm performed better. Since verification halts when either algorithm completes, the wasted effort is within a factor of two of what the better algorithm could have done alone. We also chose to do this because we experimentally observed that there were many instances that one of the algorithms struggled with that the other did not---this resulted in a hybrid algorithm that out performed the individual exact algorithms on average.

Searching for Strong USPs {#Sec10}
=========================

In some ways the problem of constructing a large strong USP is similar to the problem of constructing a large set of linearly independent vectors. In both cases, the object to be constructed is a set, the order that elements are added does not matter, the underlying elements are sequences of numbers, and there is a notion of (in)dependence among sets of elements. There are well-known polynomial-time algorithms for determining whether a set of vectors are independent, e.g., Gaussian elimination, and we have a practical implementation for deciding whether a puzzle is a strong USP.

There is a straightforward greedy algorithm for constructing maximum-size sets of independent vectors: Start with an empty set *S*, and repeatedly add vectors to *S* that are linearly independent of *S*. After this process completes *S* is a largest set of linearly independent vectors. This problem admits such a greedy algorithm because the family of sets of linearly independent vectors form a matroid. The vector to be added each step can be computed efficiently by solving a linear system of equations for vectors in the null space of *S*.

Unfortunately this same approach does not work for generating maximum-size strong USPs. The set of strong USPs does not form a matroid, rather it is only an independence system, c.f., e.g., \[[@CR20]\]. In particular, (i) the empty puzzle is a strong USP and (ii) the set of strong USP are downward closed by Lemma [4](#FPar7){ref-type="sec"}. The final property required to be a matroid, the augmentation property, requires that for every pair of strong USPs $\documentclass[12pt]{minimal}
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That said, we have had some success applying general purpose search techniques together with our practical verification algorithm to construct maximum-size strong USPs for small *k*. In particular, we implemented variants of depth-first search (DFS) and breadth-first search (BFS). We defer the details of this to the full version of this article.

The actual running times of both of these algorithms are prohibitive even for $\documentclass[12pt]{minimal}
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Experimental Results {#Sec11}
====================

Our experimental results come in three flavors for small-constant width *k*: (i) constructive lower bounds on the maximum size of width-*k* strong USPs witnessed by found puzzles, (ii) exhaustive upper bounds on the maximum size of width-*k* strong USPs, and (iii) experimental run times comparing the algorithms for verifying width-*k* strong USPs. [BFS]{.smallcaps} and [DFS]{.smallcaps} when able to run to completion search the entire space, up to puzzle isomorphism, and provide tight upper and lower bounds. When unable to run to completion they provide only results of form (i) and are not guaranteed to be tight.Fig. 3.Representative maximum-size strong USPs found for width $\documentclass[12pt]{minimal}
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New Bounds on the Size of Strong USPs {#Sec12}
-------------------------------------

Figure [3](#Fig3){ref-type="fig"} contains representative examples of maximum-size strong USPs we found for $\documentclass[12pt]{minimal}
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Algorithm Performance {#Sec13}
---------------------

We implemented our algorithms in C++ (source code to be made available on github) and ran them on a 2010 MacPro running Ubuntu 16.04 with dual Xeon E5620 2.40 Ghz processors and 16 GB of RAM. Figure [4](#Fig4){ref-type="fig"} contains log plots that describe the performance of our algorithms on sets of 10000 random puzzles at each point on a sweep through parameter space for width $\documentclass[12pt]{minimal}
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The brute force and dynamic programming algorithms perform poorly except for very small size, $\documentclass[12pt]{minimal}
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Overall, our hybrid verification algorithm performs reasonably well in practice, despite reductions through $\documentclass[12pt]{minimal}
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Conclusions {#Sec14}
===========

We initiated the first study of the verification of strong USPs and developed practical software for both verifying and searching for them. We give tight results on the maximum size of width-*k* strong USPs for $\documentclass[12pt]{minimal}
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                \begin{document}$$k \ge 6$$\end{document}$ and do these bound lead to asymptotically faster algorithms for matrix multiplication? The main bottleneck in our work is the size of the search space---new insights seem to be required to substantially reduce it. We have preliminary results that indicate that the size of the search space can be reduced by modding out by the symmetries of puzzles, though this has not yet led to new lower bounds.
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